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nation with hydrogen. This has been specifically consid-
ered with major fuel properties such as sulfur content,
smoke point and thermal stability.

The extensive degree of sulfur removal by a cobalt mo-
lybdate catalyst and aromatics saturation by a noble
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metal catalyst have been cited. This plus the effect of
temperature, pressure and other reactor variables have il-
lustrated the flexibility of the process, which gives
uniquely high yields of quality product without a waste
disposal problem.
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Flutter Test Analysis in the Time
Domain Using a Recursive
System Representation

Jan Robert Wright*
British Aircraft Corporation, Bristol, England

Introduction

FLUTTER test analyses usually involved determining es-
timates of modal frequency and damping for the system
under consideration and then following trends of these re-
sults with speed and Mach number to check for a possible
flutter condition. Developments in this field are aimed at
reducing test and analysis time and improving the accura-
¢y of results in the presence of noise (i.e., turbulence).

Recently there have been interesting developments
toward rapid analysis with two methods, the ‘“Least
Squares Identification” method!-2 and the “Correlation
Fit” method, described for the first time in this Note.
They extract the results directly and automatically from
the time histories without resort to the frequency domain
and the analysis of vector plots. Both these methods in-
volve choosing a model for the unknown system, repre-
senting it recursively,® and matching it to the data by
curve fitting. It is believed that their noise rejection
should be at least as good as that for other methods such
as the Autocorrelation and Crosscorrelation methods.*

The Least Squares Identification method fits the as-
sumed model directly to the time histories by the method
of least squares.’ In this Note, the method is examined
and shown to be equivalent to an exact fit to the first few
lag values of the autocorrelation of response and the cros-
scorrelation of excitation and response. The need for deci-
mation, mentioned in Ref. 1, is explained.

The Correlation Fit method also is described. This is
believed to be new and is still at an early stage in devel-
opment. A “model match” is carried out by writing the
autocorrelation and cross correlation functions in terms of
the unknown model coefficients and carrying out a simul-
taneous least squares fit to a chosen number of lag values
of these correlation functions from which the coefficients
are determined. Thus the Least Squares Identification
method is shown to be a special case of the Correlation Fit
method.
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Basic Test and Analysis Procedure

The system of interest (such as an aircraft) is excited
with any known input, though the methods can be adapt-
ed easily to cope with an unknown input. A sinusoidal fre-
quency sweep is a suitable input since it tends to separate
the modes. The response is measured and the signals sam-
pled. Normally, the procedure is to choose segments of
these data, each containing only one or two dominant
modal response peaks.

A model transfer function is assumed for the system
within each segment and a hold3 is included. Using Z
transform theory,1-3 a recursive relationship between sam-

pled response and excitation (y; and x;,j = 1,2 ... L) can
be written in the form
N M
yj = Eaiyj_i + Zg bin_i (1)
i=l i=

where a; and b; are the coefficients defining the denomi-
nator and numerator of the model Z transfer function and
hence the modal frequencies and dampings.

With no noise and a correctly chosen model, Eq. (1) is
satisfied exactly by the measured values and therefore can
be solved for the coefficients. However, where noise is
present or the model does not correspond to the real sys-
tem, the equation can be thought of either as giving an
estimated response $; different from the measured value
y, or as an approximate relationship between measured
values. Thus an estimate of the coefficients can be ob-
tained from this equation through a curve fit or model
match, carried out in different ways by the two methods.

Least Squares Identification Method
If a segment that starts at point NS and finishes at NF
is selected from the L point measured excitation and re-
sponse records, and the general Nth order model in Eq.
(1) is chosen, then the procedure! is to write this equation
for each point in matrix form as
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or Y = SA (NS is chosen such that yye-n and xxg-a are
known). Equation (2) is solved, using the method of least
squares, by premultiplying with ST,

STY = STSA
and therefore
A = (ST IsTY (3)

i.e., there are effectively (NF — NS + 1) sets of data that
are related, apart from noise and modeling errors, by Eq.
(1). Equations (2) and (3) show a least squares fit to these
data, yielding estimates of the model coefficients and
hence the modal frequency and damping.

If this method is written in a different form, new under-
standing can be gained. The general form of the above
least squares fit can be established from

MIN J

ai,bi
where J is a “cost” function given by

NF

J=2J (yj - }A’j)z
j=NS§
or
NF N [i 2
J=2 (yj -2 ay;., _Z/bixj-i> 4)
i=NS i=1 i=0

By using dJ/db, = 0 and @J/da, = 0, then after some ma-
nipulation

i NF=~k
XV = a.{ XV _.}
iVik £ i jiNBr 3 j+k-1i

NFE=k

u NF-k
+ Z} bi{ }? xjxj+k_i}; k=0,1,2...M (5a)

yjyj+k-i}
j=NS-k i=1 j=NS-k

M NF-E
+2 bi{' J kijj+,z<i}; k=1,2...N (5b)
j=NE~
which can be seen to be equivalent to Eq. (3).

If the fit is carried out using the entire I point records
and they are assumed to be transient (i.e., x; and y; are
zero for j = 0, —1, —2 ....) then the summation limits in
Eq. (5) can be altered from (NS — k) — (NF — k) to1 —
(L — k). All these summations then look like autocorrela-
tions and crosscorrelations at different lags, for example,
cross correlation of excitation and response at lag k,
Ryv(kR) = 2xjy;4n, kB << L. The left-hand summations in
Egs. (5) are exact correlations, but the right-hand ones
are only approximate because of slight inconsistencies in
the limits. Equations (5) then could be written as an ap-
proximate recursive correlation expression involving the
first few lag values of each correlation. This thought leads
to a new method, which will now be discussed.

Correlation Fit Method

If the sampled signals x; and y; (j = 1,2 ... L) are con-
sidered and again assumed to be transient, they are relat-
ed by the discrete equivalent of the convolution integral
or by the recursive expression (1). The cross correlation of
excitation and response (R,,) and the autocorrelation of
response (R,) can be defined at lag k as

1 L=k
Rw(k) =7 "% ZE XV i (8a)
j=
k=0,1,2..,..
1 L=k
R, (k) = ﬁzl ViV jo (8b)
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Using Eq. (1) to substitute for y;x in Egs. (8) then, after
reordering the summations and cancelling the factor 1/L
-k,
L~k

N L=k M Lok
23 XYk = 23 ai{ Zixjyj+k-i} + Eo b; jzixjxm-i};
i= i= =

i=1

™
n
—

E=0,1,2,..(NC - 1) (9a)

N L=k M L=k
.Z;yjyj*k = Ziai{; yjyj+k-i} + ‘Zgbi{]z%ijhk-i};
j= is = i= =

k=0,1,2...(NA - 1) (9b)

Thus the correlation functions at different lags have been
expressed in terms of the coefficients of the assumed
model. Again the equation is exact with no noise, and a
correct model, but, when noise is present, it becomes ap-
proximate, and the right-hand sides can be thought of as
giving estimates of correlations at lag k. The model match
is then carried out by solving the simultaneous correlation
Eqgs. (9) for as many lags of the autocorrelation (NA) and
crosscorrelation (NC) functions as desired using, for ex-
ample, the method of least squares. The constraint on the
choice of NA and NC is that (NA + NC) = (M + N + 1).
This method essentially involves curve fitting chosen
parts of both the autocorrelation and cross correlation
functions to yield the desired estimates, and it therefore
has been called the Correlation Fit method.

It is useful to note the similarity of the above expres-
sions to the well known relationships for continuous tran-
sient records (length T sec). The process carried out is the
same as that when the convolution relation (exact for no
noise!)

v = [Trx@~0lde 0Kt T (10)
where h(s) is the system impulse response function, is
used to substitute for y(t + 7) in the continuous correla-
tion expressions for lag 7,

Raolt) = g [Tty @+ Dt (11a)

7>0

1 B
R,,(1) = o oT Tyt + T)dt (11b)
to give, after some manipulation of limits and orders of
integration,

Ry = [ h(0)Ry(r — 0)do (12a)
R,,(7) = f(,T”h(o)Rw(U - 7)do (12b)

where R, is the autocorrelation of excitation.

Equation (12a) with, in general, a “white” excitation
assumption is that used in the cross correlation method to
give an estimate for h(o) whereas the autocorrelation ex-
pression (12b) is normally used in the form where (10) is
used to substitute for both y(t) and y(¢t + 7) in Eq. (11) to
give,

R, (1) = fh(Oi)fh(Uz)Rxx(T -0y + 01)doydo,  (13)

The autocorrelation method also assumes a ‘“white” exci-
tation spectrum such that Eq. (13) can be simplified to
yield another estimate of frequency and damping.¢ Nor-
mally only one of these methods is used in a flutter test.
Therefore, it is clear that the Correlation Fit method
involves essentially the same derivation process as used
for the standard correlation methods without any assump-
tion about the excitation. Therefore, it is basically a com-
bination of the autocorrelation and crosscorrelation meth-
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Fig. 1 Typical one-degree-of-freedom correlation functions

showing values fitted in the Least Squares Identification

method for a model of order N = 2 (n.b. displacement re-
sponse, by = 0).

ods where fewer lag values are used but where they are
generally taken from the higher signal/noise part of the
correlations. It is not advisable to use too many lag values
since the correlation functions deteriorate in accuracy as
the desired components decay. With no noise a fit of ei-
ther correlation (i.e., NA = 0 or NC = 0) would yield cor-
rect answers but in the presence of noise the estimate
found from the combined fit should be statistically better
than that from one or other correlation alone.

So far what has been said applies to a model match car-
ried out using correlations corresponding to the entire
transient records. If, however, a segment of data is chosen,
the summation limits in Egs. (9) can be changed from 1
— (L - k) to NS — (NF — k) with the equation so
formed still being mathematically correct. Although
strictly the definitions of correlation functions lose their
meaning for a nontransient segment, pseudo-correlations
can be defined (with limits NS — NF — k or possibly NS
— k —> NF — k) to retain the concept of a correlation fit.
Thus the method can still be used for a segment of data.

Discussion
Similarity of Methods

It is immediately evident that the basic expressions in-
volved in the Correlation Fit and Least Squares Identifi-
cation methods are identical when written for the entire
transient records. This is also true for a segment of the
data apart from the different limits introduced by the
choice of the pseudo-correlation definition mentioned
above. Thus both methods carry out the model match by
curve fitting the two correlation functions. In the case of
the Correlation Fit method it is a least squares fit using as
many lag values as desired whereas for the Least Squares
Identification method the fit is exact using the lag values
dictated by the assumed model. The latter method is
therefore a special case of the Correlation Fit method with
NA = Nand NC = M + 1, even though the formulations
are different.

For a one-degree-of-freedom example, the Least Squares
Identification method fits only to two lag values of each
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Fig. 2 Damping estimates from analysis of two-degree-of-

freedom displacement response to sweep, with noise (5 and 10

Hz, both 5% critically damped, sweep rate 4.5 rad/sec?, At =
0.01 sec).

correlation (Fig. 1) although it makes use of the approxi-
mate correlations on the right-hand side of Eq. (5). Since
the standard correlation methods use many more lags, it
seems surprising that this method gives such good an-
swers, especially with noise present!

Decimation

Decimation involves resampling the data to reduce the
number of points/cycle to approximately five at the high
frequency end of the segment,! thereby increasing the
sampling interval (At sec). In Ref. 1 it is claimed that
decimation is carried out “to reduce computation time.”
However, this author believes that there is a more impor-
tant reason and has found that decimation is sometimes
necessary to obtain even sensible answers.

If the Least Squares Identification method is thought of
in terms of correlations, the need for decimation becomes
obvious. Since the correlations at lags of At,2A¢ ... sec are
fitted (Fig. 1), if the sampling interval were too srhall
then the points used would be contained within too small
a portion of the first correlogram cycle and the results
would be very sensitive to any error. This was shown in a
sensitivity analysis carried out for a two degree of freedom
example in which the sensitivities were reduced very sig-
nificantly by only doubling the sampling interval.

Realizing that the Least Squares Identification method
uses only a few correlation lag values and understanding
the need for decimation, the natural reaction is to include
more correlation data into the match to reduce sensitivity
and improve noise rejection. However, in the Least
Squares Identification formulation this is only possible by
increasing the assumed model order, thus introducing
spurious modes, whereas the Correlation Fit method al-
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lows as many lag values as desired to be used, whilst
keeping the assumed model simple.

Results from the Two-Degree-of-Freedom Example

A digitally generated two-degree-of-freedom displace-
ment response to a frequency sweep, including noise, was
analyzed using the model matching methods. The damp-
ing estimates are presented in Fig. 2 for several numbers
of lags in the Correlation Fit method, and with the Least
Squares Identification results obtained after decimation
by two. For the scope of this note, the results are only in-
tended to show that the Correlation Fit method works
since they are only given for one sample of noise! How-
ever, indications from other work are that the Correlation
Fit method is less sensitive to noise, especially where the
segment includes two response peaks.

Conclusions

Two methods for rapid flutter test analysis have been
examined. Both are efficient and enable modal frequency
and damping estimates to be extracted from the response
and excitation time histories. The Correlation Fit method
is new and is presented here for the first time. It carries
out a least squares fit to as many lag values of the auto-
correlation and crosscorrelation functions as desired. The
Least Squares Identification method is shown to be a spe-
cial case of this where only a few lags are used and the fit
is exact. The reason for decimation as described in Ref. 1
has been explained.

References

1Baird, E. F. and Clark, W. B., “Recent Development in Flight
Flutter Testing in the United States,” AGARD-R-596, April 1972.

2Waisanen, P. R. and Perangelo, H. T., “Real Time Flight
Flutter Testing via Z—Transform Analysis Technique,” AIAA
Paper 72-784, Los Angeles, Calif., 1972.

3Tou, J. T., Digital and Sampled Data Control Systems
McGraw-Hill, New York, 1959, Chap. 5.

4Skingle, C. W., “Correlation Techniques for Analysing the Re-
sponse to a Rapid Frequency Sweep Input,” Proceedings of AIAA
Symposium on Structural Dynamics and Aeroelasticity, Boston,
1965, pp. 442-451.

5Lee, R. C. K., “Optimal Estimation, Identification and Con-
trol,” Research Monograph 28, 1964, MIT Press, Cambridge,
Mass.

Warping of Delta Wings
for Minimum Drag

Rajendra K. Bera*
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Nomenclature
AR = aspect ratio
B(x,y) = complete beta function with arguments x and y
Cp = drag coefficient
C, = lift coefficient
D = drag
e = lift dependent drag factor, rAR-C,;,/C; 2
L = lift )
s{x) = local semispan
Z(n) = ordinate distribution of mean camber surface
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Fig.1 Wing-Mach cone system.

o wing incidence

€on, € = constants in Eq. (1)

= wing semiapex angle

= conical coordinate (Fig. 1)
A = Lagrange multiplier

A LOW aspect ratio delta wing exhibiting an even order
polynomial twist distribution was recently reported to
give simple expressions for its aerodynamic and geometric
properties.? Conical camber also has an appealing geo-
metrical simplicity and has found successful applications
in, for example, the B-58 Hustler and the Saab 37 Viggen.
It was, therefore, thought worthwhile to explore the possi-
bility of using the results of Ref. 1 to design wings of low
drag subject to a given lift. This Note summarizes the re-
sults of such a study.

The delta wing is placed in a supersonic stream and is
well inside the Mach cone, Fig. 1. The linearized equa-
tions permit, in such cases, solutions which have either a
singularity or zero load at the leading edge. The flow at
the leading edge tends to separate with the former type
and hence for a smooth flow the latter type is considered
by specifying the attachment line to be at the leading
edge.2-® This produces a leading edge droop which helps
alleviate drag.

We now define the nth order basic wing shape as one
carrying a downwash distribution of the type

wn(n) = €on t+ Ennzn/zn (1)

where 75 is the conical coordinate. es, and ¢, are related by
the attachment condition at the leading edge through

€, 2n + 11
Con = v2ﬂrzB< 2 ’§) (2)

where B is the complete beta function. It may be shown
that the basic shapes have the property that when de-
signed to carry a positive lift, they are at a positive inci-
dence and have a continuous decrease of angle of attack
from the wing root to the tip with the tip region showing
negative values, Fig. 2a. The basic wings, therefore, will
have favorable tip stall characteristics. The incidence dis-
tribution gives the mean camber surface a droop at the
leading edge which becomes more pronounced with in-
creasing n while at the same time making the central por-
tion of the wing more [lat. The surfaces are smooth and do
not possess kinks, Fig. 2b.

It is now possible, using the Lagrange multiplier meth-
od, to linearly superimpose the basic shapes to obtain
wings of low drag for a given lift. Physical observation
may then be used to decide on the suitability of a particu-
lar design. Mathematically it means that given r basic
shapes N = (nq, na, ..., n,) out of the infinite membered
set given by Eq. (1) the minimum drag combination subject
to a given total lift is obtained by forming the Lagrangian
function

L =Cp+ ACy

= ;N chDi,j + }\lZE;NCL' 3)
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